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Abstract. — We define and study the spectral projection operator for 
compactly supported distributions on Damek-Ricci space NA. Tlie Paley- 
Wiener-Scliwartz tfieorem and tlie range ofSP{NA)*{0 <p<2) via spectral 
projection operator are establislied. Tlie L^-estimation for this operator is 
also given. In order to do the Paley- Wiener theorem for the non necessary 
radial function, the spectral projection operator can be uniquely character- 
ized by analyticity and growth condition in A of Paley- Wiener theorem type 
on the unit disk of the complex plane as an example of Damek-Ricci space. 



1 Introduction 

Given a group of Heisenberg type, let 5* = NA be the one-solvable exten- 
sion of N obtained by letting A = acts on by homogeneous dilata- 
tion. We equip 5* with a natural left-invariant Riemannian structure. The 

^1991 Mathematics subject classification. 42B38, 44A15, 92C55. 

^Key Words and phrases. Paley-Wiener Theorem, Spectral projection operator, 
Damek-Ricci spaces. 



1 



2 



Spectral analysis on Damek-Ricci space 



group S is in generally nonsymmetric harmonic spaces (the geodesic sym- 
metry around the identity is not isometry (see [13] and [15])). The geodesic 
distance of a; e NA from the identity e is 

p{x) = d{x, e) = iog( |+^(^\ < r{x) < 1 
i r[x) 

with, 

4a 



r{V,Z,ay^l 



;i + a + ^)2 + |Z 



On such a group S, we consider the Laplacian £ on NA whose radial part 
is given by the rule 

^r = -Q^ + ij coth(|) + A;coth(p)) — , 

with p is the geodesic distance of x e NA from the the identity. The Fourier- 
Helgason transform of the function / in D(NA) (see [7]) is the function / on 
€ X N defined by 

(1) K\n)=j f{x)Vx{x,n)dx, 

Jna 

where the kernel Vx : NA x N — > € is an appropriate complex power of 
the poisson kernel on NA, namely 

Vx{x,n) = [V{x,n)]^-'^. 

For a distribution, the Fourier- Helgason transform of T e £^'(NA) (see [1] 
and [2]) is defined by 

(2) f{X,n) = {T{x),Vx{x,n)) {X,n) e(D x N, 

the above formula have a sens, because the function x Vx{x,n) is an 
eigenfunction of Laplace-Beltrami operator with eigenvalue — (A^ -|- ^) (see 
[6] and [7]). 

This transform, for / in P(NA), can be also written as follows (see 

(3) f{X,n) = T,oRJ{X), 
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where is the Fourier transform of one variable and Rnf{X) is the horocychc 
Radon transform (see [2]) defined as follows, 

(4) RJ{X) = e-^^ [ f{na{n, exp{XH))) dn,, 

Jn 

with (7 is the geodesic inversion (see [8]) defined by the following formula 
^{V, Z, t) = ^ iv^^, ^ ^^^, [ii-t + ^) + Jz)V, -Z, t], 

for all (y, Z, t) e NA, and write the Fourier-Helgason inversion formula (see 
[7]) 

/+00 c I. f ^ 

(i^lc(A)r'/ r-x{x,n)f{X,n)dn)dX, 
-oo 47r Jn 

where c^^^ = 2^~-^r( ^"•'+^+^ ) and c(A) is the generalized Harish- 

chadra function. 

The expression in Parentheses in the formula (1.5) is an eigenfunctions of 
Laplacc-Beltrami operator with eigenvalue — (A^ + ^). 
For / G V{NA), We define the spectral projector as follows 

(6) IPJix) = ^|c(A)|-2 / V-^{x,n)f{X,n) dn. 

47r Jn 

so that the spectral representation is 

/ + 00 
iPxfix) dX. 
-oo 

For a distribution, the spectral projection of T e £'(NA) is defined as follows 

(8) FT{x) = '^\c{X)\-\T*U^)), 

The above formula have a sens, because 0a is the spherical function, which 
is C°°{NA). 

Remark. On the unit open disk D = {z & (D;\z\ = 1} of the complex 
plane, the Laplace-Beltrami operator Ad on D (see [20]) can be written in 
terms of the Euclidean Laplacian Ajr2 as 

Ad = {l-\z\Y^iR- 

. . .... 
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For z E D, let r,6 G M, with r > be such that z = tanh(r)e*^. Since 
d{0,z)=T, then {r,6) are called geodesic polar coordinates of z. In such 
coordinates of z, the Laplace-Beltrami is 

= 1^ + 2cotM2r)|- + 4sinh-^(2r)^ 
For the Laplacian on D (see [20]), we have 

With 



1 — \z 

<z,w> _ 

~^\l-z.w\^^ 



2 

^ 1 

2 



For \ EdJ, let Vx denote the complex power of the Poisson kernel ( cf. [20] 
p: 3) given by 

1 — iX+l 

^\l-z.w\^' ' ' 
One can define the Fourier-Helgason transform by 

{l.sy f{X,w)= [ V-x{z,w)f{z)dii{z), 

JD 

for all A e (Z7, e for which this integral exists, where dii{z) = (1 — 
\z\'^)'''^dz, and the Fourier-Helgason inversion formula is(cf. [20] p: 33) 

/(^) = 7- / h\^)rx(z,w)da(w))Xte.nhAdX. 
Att Jm J51 2 

The expression in parentheses is an cigcnfunction of the Laplacian on D with 
eigenvalue — (A^ + 1), we define the spectral projection operator on the D 
(see [20]) as follows 

(1.8)" Pxf(z) = l.Xt8.nh{^)J^J{X,w)Vx(z,w)da{w) 
= ^Atanh(^)Q,/(^). 
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Remark. We note that IP\f{z) is not defined at A; = ±i(2fc + 1) for k e E* , 
and has a simple zero at a points = —i2h for h G E* and a double zeros 
at A = 0. Also the function A — >■ Qxf{z) is even. 
Remark. For k G E^, wc have 

Q-ii2k+i)f{z) = (1 - kr)-' f{-i{2k + 1), w)(l - z.wf' da{w). 

J s 

Using the Libnitz formula to the function {1 — z.wy'^, we note that the the 
integrale in the second part of the above formula is a polynmial of z and z 
of degree 2k. 

The aim of this work is to characterize the range of S'(NA)'^ (respectively of 
SP{NA)* for < p < 2) by the spectral projection operator (see Theorem 
3.2) (respectively Theorem 4.1), we find the analogous of this theorem in the 
case of the noncompact symmetric space of rank one (see [26] and [27]), and 
mainly we give an estimation of this operator in L'^{NA), also, we discuss in 
the sense of R. Strichartz (cf. [26]), the spectral Paley- Wiener theorem on 
the unit open disk of the complex plane . 

Now wc give a full description of the organization of this paper. In section 
2, we recall the main definition and the know results of spherical analysis on 
NA groups. In section 3, we introduce the Poisson kernel and spectral pro- 
jection, we state the main results, we have obtained the characterization of 
the £^'(A'"yl)-range of the spectral projection which is a generalization of the- 
orem 3.6 in [26](see also [27]). In section 4, wc give a range of iS^(A^yl)* (for 
< p < 2) via spectral projection. In section 5, we discut the L^-estimate 
for this projection (see theorem 5.1 and 5.2). In the next, we discuss in the 
sense of R. Strichartz (cf. [26]), the spectral Paley- Wiener theorem on the 
unit open disk D of the complex plane as an example of the hyperbolic spaces 
(even case), the results and ideas will be illustrated by developing a range 
theorem for spectral projection operator on D. And mainly to characterize 
the C^^(i?ij(2;o))-range (where Br{zo) is the unit ball ofC centered at zq) of 
spectral projection operator Fx associated to the Laplacian Ad on D. 

2 Notations and Preliminaries 

Let rj he a two-step real nilpotent Lie algebra of finite dimensional (i.e., [77,77] 
7^ and [^,[^,^]]=0) equipped with an inner product <,>, 77 has a center 
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z. We have then [V, V] e z and [V,Z]=0 W, V e -n and VZ e z. We write 
7] as an orthogonal sum of two spaces p and z (?7=p©z, we have [p,p] C z_, 
b'^] ~ ^^'^ [^)^] ~ 0- According to Kaplan [21], rj is said to be an H-type 
Lie algebra if for every unitary Z E z_ the map Jz of p into p, defined by 
equality < JzV, V >r,^< [V, V], Z satisfy the equality jfV = -\Z\^V, 
for all V e p. A fondamental example is the Heisenberg algebra (see [24]), 
given by the matrix. 



/ 



Vl 



Vk 



(0) 



z \ 



V 







{v,w,z), v,welR'',zeR 



such that J(ofl^z){v,w,0) = z{—w,v,0). 

Note that for every unit Z G ^, is a complex structure on p, so that 
p has even dimension m=2m', we denote by k the dimension of z. Let N 
be the connected and simply connected group of Lie algebra rj. Since rj is 
nilpotent, the exponential map is surjective, we may therefore parametrize 
N by p©z and write (V,Z) for cxp {V + Z) where V Gp and Z e z. By the 
Baker-Campbell-Hausdorff formula, the product law in N is given by the 
formula 

{V, Z).{V', Z') ^{v + r,z + z' + ^[V, V']), 

for all V, V G p and for all Z, Z' G 2. Let dV and dZ the Icbesgue measures 
on p and z_ respectively, the measure dVdZ is the Haar measure on N whose 
we denote by dn. Let A be a multiplicatif group isomorphe to iR!j_ and NA 
the semi-direct product of N and A relatively to the action {V, Z) E r] i — > 

{a^V,aZ). So the Lie group S — NA (connected and simply connected) 
is called a Damek-Ricci space. We denote by (V, Z, a) the element na — 
exp(l^ -|- Z)a, the inner law on the group NA is given by the formula 

{V,Z,a).{V',Z',a') = {V + aW' , Z + aZ' + IJ[V,V'], aa'). 



Denote by Q = |m -|- k, with Q — 2g the homogeneous dimension of N, the 
left Haar measure on NA is given by dx — a~^~^dVdZda = a~'^~^dnda. Note 
that the right Haar measure on NA is a'^dVdZda, then the group NA is 



Spectral analysis on Damek-Ricci space 



7 



nonunimodulaire, so that the modular function 5 is given by S{V, Z, a) — . 
As Ricmannian manifold , NA is (sec [15]) a harmonic space, the noncompact 
symmetric space of rank one is contained in these class of NA groups , 
NA K, GjK = NAK/K ( here NA is the Iwasawa group). Also the group 
S provide an examples of nonsymmetric hamonic spaces (see [15]). The 
eigenfunction may be expressed as Jacobi of parameters a and (5 via the 
following formula (see [22] p. 152) 

(9) ^s{x) = $,(p) 

= ,F,{\{Q - 2s\ \{Q + 2.); ^+^ + ^ . _ si„h^(^)). 

where recall that 2F1 is the Gauss hypergeometric function with a — '^+^~'^ ^ 
P ^ ^ and A = -iRe{s) + Im{s), then Im{X) = -Re{s)). 



3 Poisson kernel and Spectral Projection on 
the Damek-Ricci space 

For ni fixed in N, we define (see [7] p. 409), the Poisson kernel on NA for 
rii by the formula 

V{.,ni):NA — > R 

na ^ V{na,ni) = Pa{n^^n), 

where, for a > 0, Pa{n) is a function on N defined by 

(10) Pain) = Pa{V, Z) = a«((a + ^-^)' + \Z\^)-^ . 

We have the following properties 

• £r{.,ni)^Q, Vm e N 

• Pa{n) = a-^Pi{a-^na), e A,Vn e N. 
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With these properties, one may defined the kernel Vx, (A e <V) on NA x N 
as follows 

Vx- NAxN — > € 

{na,n) — > Vx{na,n) — V{na,n)^~'Q 

we define the spectral projection operator on the Damek-Ricci space and we 
study these properties 

Definition 3.1 Let T be an element of S'{NA), we define the spectral pro- 
jection operator on NA as follows 

(11) PxT{x)^'-^\c{X)r{T*^x){x). 



Proposition 3.1 LetT be an element of 8'{NA), then for all X edJ we have 

(12) lPxT{x) = ^|c(A)|-2 / V_x{x,n)f{X,n)dn. 

47r Jn 

Proof. Let T e £'{NA), from the formula 3.2, we obtain 

(13) ]PxT{x) = '^\c{X)r{T{y),^x{y-'x))) 

^m,k I / \ \ I —2 



An 



ciX)r{T{y),^x{d{x,y))). 



The spherical function ^x satisfies to the following formula (see [24] p. 42 
and [7] p. 413) 

(14) q>^{x-'y)= [ V-x{x,n)Vx{y,n)dn. 

Jn 

Using the Pubini-theorem, the formula (3.4) becomes 

(15) PxT{x) = ^\c{X)\-'{T{y), [ V_x{x,n)Vx{y,n)dn) 

47r Jn 

= ^-^\c(X)\-' [ V.x(x,n){T,Vx(y,n))dn 
47r Jn 



An 



\c{X)\-^ f V-x{x,n)f{X,n)dn 

JN 
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□ 



Let M : V(NA) V{NA)* be the averaging projector on NA (see [7], 
[14] and [24]) defined as follows 



(M/)(x) = [ f{y)da,{y), 

O JSn 



where d(Tp is the surface measure induced by the left-invariant Riemannian 
metric on the geodesic sphere Sp = {y & NA : d{y,e) = p}, normahsed 
t'Y Isp do'p{y) = 1 and p{x) = d{x,e). Denote by the function M{Tx-^f) 
where x,y & NA and T^giy) — g{x~^y) is the translated function. 

Proposition 3.2 Let NA and f be in 'D{NA) , then 
(16) JPxf{x) = ^|c(A)|-^^(A) 

where J design the spherical Fourier transform of f & 'D[NA)'^, 

Proof. Let x be an element of NA and / G T>[NA) , since fx is a radial 
function on NA, the spherical Fourier transform of fx is given by 

%W = / fM^x{y)dy 

JNA 

f{x-^y)^x{y) dy, 



putting X ^y — z to obtain 

Jx{X) = f*^,{x), 

and this prove the proposition. □ 
Remark that for x = e and / e Vi^NA)"^, the equality (3.7) becomes 
(17) iP,/(e) = ^|c(A)rV~(A). 

In order to do the Paley- Wiener theorem for the spectral projection operator, 
we will need the following lemma. 
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Lemma 3.1 (Koomwinder (see [22] p. 150)) For each a,P E € and for 

each non-negative integer n there exists a positive constant C such that for 
allt>0 and all \ E(C 

Jn 

|(r(a + l))"'^<^l"'^^(t)| < C(l + |A|)"+'^(1 + t)e(l^"^^l-«^'^)*, 

where /i — a + P + 1, k = Oif Rea > — | and k — ^ — Rea if Rea < —\, 
where the function t — > ip^^'^\t) is the Jacobi function. 

Let Ba{z) be the ball of center z e NA and of radius a for the distance d. We 
denote by C'^{Ba{z)) the set of function / e T>{NA) which suppf is indued 
in Ba{z) 

Lemma 3.2 If f e C^{Baiz)) r\T>{NA)* , then lPxf{x) satisfies to follow- 
ing conditions: 

1) For all A G C, the function x IPxf{x) is a radial function 

2) {X,x) IPxfix) IS a C°° function on€ x NA 

3) for all X e €, we have CrlP\f{x) = — (A^ + Q^)IP\f{x) (where Cr is the 
radial part of the Laplace- Beltrami operator) 

4) for each fixed x, the function IP\f{x) is an entire function divisible by 
|c(A)|~^ and the quotient is an analytic function 

5) for every Nq there exists Cnq such that 

\lPxfix)\ < CjVo|c(A)|-2(l + |A|2)-^0g|/mA|(d(x,.)+a) 

Remcirk. the above theorem hold for all dimension of NA 

Proof. The spherical function ^x{x) is given by the formula (see [6]). 

^x{x) = / V-x{x,n)Vx{e,n)dn 
Jn 

^ f g(e+iA)(too-)(n-ix)+(e-iA)(too-)(n-i) 

Jn 

and the equality (6.6) shows that (A,a;) IPxf{x) is a function on 
C X NA. The formula (6.6)implies, also, that CIPxf{,x) = -(A^ + g'^)rxf{x) 
because $a is an eigenfunction for £r and the operator C has for eigenvalue 
— (A^+^^). It follows from (6.6) that ]Pxf{x) is even {x fixed) since $a = ^-a, 
the equality 6.6 shows that lPxf{x) is divisible by |c(A)|~^. Showing, now, 
the condition 5). Assume that supp / is included in the ball Ba{z) {z fixed) 
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and let Cq be the operator defined by Co — —C + with g = 2Q, where 
Cr is the radial part of the Laplace Beltrami operator (see the introduction) . 
Let r be the integers, then 

(18) lPx{Clf){x) = i-iyx^^p^fix). 

But , from (6.6) we have 

JPxm){x) = ^|c(A)|-^(£S/*^a)(x) 

= ''-j^\c{\)\-' l^x{xy''m)f{y)dy. 

47r JNA 

By (6.18), the above equality becomes 

i-iyX'^lP^fix) = ^|c(A)|-2 / $,(xy-^)(£S)/(y) dy. 

47r JNA 

This equality implies 

(19) \\r\lPxf{x)\ < ^(|c(A)|-^ sup |/:S/(y)|). 

47r yeNA 



x{[ \^x{xy ^)\dy) 



It follows from the Koornwinder lemma (see lemma 6.1) that 

(20) miPxf{x)\ < ^(|c(A)r^)(sup |£S/(y)|). 

x{\Ba{z)\) sup e\^'^^\''^''y~'Uy. 

Where |i?a(-2)| design the measure of the ball Ba{z). Since p{xy~^) = d{x, y) < 
d{x,z) + d{z,y) < d{x,z) + a , the inequality (6.19) can be transformed as 
follows 

|iPA/(^)| < c;|c(A)|-2(l+ |An-^el^'"^l('^("'^)+"). 

Where is an other absolute constant. The third condition of the above 
lemma is lawful because the condition (6.13) imphes that ^^(iPx/(e)|c(A)|^) = 

/(A) for a radial function /. According to the theorem 3.14 in [16], we known 
that the function A ^ /(A) is analytic. □ 
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Theorem 3.1 (Abouelaz see [1]) . Iff e C^{Baiz))r\T^{NA)* , thenJPxfix) 

satisfies to following conditions: 

1) For all A G C, the function x IPxf{x) is a radial function 

2) {X,x) IPxf{x) is a C°° function on € x NA 

3) for all \ e €, we have ClPxf{x) = -(A^ + Q^)lPxf{x) (where C is the 
radial part of the Laplace- Beltrami operator) 

4) for each fixed x, the function lPxf{x) is an entire function divisible by 
|c(A)|~^ and the quotient is an analytic function 

5) for every Nq there exists Cnq such that 

\lPxf{x)\ < CjVo|c(A)|-2(l + |A|2)-^0g|/mA|(d(M+a) 

Conversely, if x ^ F{X,x) (for all A &G)is a radial function and F{X,x) 

satisfies to 1),2),3)4) and 5) then there exist f e C^{Ba{z)) C\T>{NA)* such 
that lPxf{x) = F{X, x) for all (A, x) ed x NA) Where C is the radial part of 
the Laplace- Beltrami operator (see (2.2)) 

Proof. The necessary condition is proved in the above lemma. 
conversely,let F{X^x) be a function which satisfy to condition (1),..,(4), the 
condition (5) of the above theorem shows that 

(ai) \F{X,x)\ <CiVo|c(A)r2(l + |A|2)-^°el'"^^l('^(^'"^+"). 

Without loss of generality we take z=e (as in the proof of theorem of R. 
Strichartz in [26]). The function x — > F{X,x) (for Xfixed) is radial verifying 
the equality 

(02) CF{X, x) = -(A' + p')F(A, x). 

The function 

*(A X) = 

^ ' ' F{X,e)- 

verify the equality (02), then 

FiX,x)^F{X,e)^xix). 

(where ^x{x) is the spherical function). Replace F{X,x) by its expression in 
the equality (ai), we obtain 

(as) |F(A,e)||*,(x)| <C^Jc(A)|-2(l + |A|2)-^0el^-^l(^+'^). 
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(where r = p{x). The inequahty (as) imphes that 

(04) |F(A,e)|e-l^"^^'n*A(a:)| < CnoHXT^I + \X\y°e\'^'\\ 
Integrate the inequahty (04) between and t (with respect r) we have 

(as) |F(A,e)|(/*e-l^"^^ln$A(r)|cir)<C^„t|c(A)|-2(l + |A|2)-^°el^"^^l". 
Jo 

Consequently 

(ae) |F(A,e)|(^ /* e-l^'"^ln$A(r)| dr) < C^Jc(A) 1-^(1 + |A|^)-^"el^'"^l» 



i Jo 

for all XedJ. But 

.1 /■* 



1 

because 



lim(- / e-l^'"^ln$A(r)|cir) /ora//A eC, 



lim(l/%-l^™^ln$,(r)|cir) = lim(^^ 

= ^'(t)|t=o 
= I*a(0)| 



with 

^(t) = /*e-l^'"^l'-|$;,(r)|(ir. 
Jo 

Then (ae) becomes 

|i^(A,e)| < Cn,\c{X)\-^{1 + |An-^Oel^"^^l». 

By Di Blasio theorem (see [16]), there exist / e V^NA)"^ such that suppf C 
B{e,a). In addition 

^^^ = /(A) /oraZZ Xe€. 

Whence 

iPA/(e) 47r F(A,e) 



/(A) 



|c(A)|-2c^,fe |c(A)|-2- 
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Then 

F{\e) = Fxf{e)^ = lPxMe) 

Since 

F{X,x) PM^) 



F(A,e) FxHeY 
We have by the above equahty 

and /i G D(iVA)# with suppfi C B{e, a). □ 
Conjecture 1. It will be very intcrcssant to gcncrlizc the theorem 3.1 for 
the function / e C^{Ba{z)) r[V{NA). (see [26] and [27] for the symmetric 
spaces of non compact of rank one.) 

Definition 3.2 LetT e S'{NA), we define IP\T{x) as function on NA given 
by the formula 

(21) IP,T{x) = ^|c(A)|-2(T*$,)(a:) 

(22) = ^|c(A)|-^<T,$,(d(x,.))>, 

for all X e NA with d{x, y) denote the distance from x to y. 

Renicirk 3.1 IfT& S'^NA)"^ the above equality becomes for x — e 

(23) iP,T(e) = ^|c(A)r2f(A) 

Where T{\) is the spherical Fourier transform (see [1]) 

Theorem 3.2 Let T e S'{NA)* such that suppTc Ba{z), then PxT{x) 
satisfies 

1) For all A G C, the function x IPxT{x) is a radial function 

2) {X, x) lPxT{x) is a C°° function on€ xNA 



Spectral analysis on Damek-Ricci space 



15 



3) for all X e €, we have ClPxT(x) = -(A^ + q'^)PxT{x) (where C is the 

radial part of the Laplace- Beltrami operator) 

4 ) for each fixed x, the function lPxT{x) is an entire function divisible by 
|c(A)|~^ and the quotient is an analytic function 

5) There exists Nq and Cpf^ such that 

Conversely, if x ^ F{\,x) (for all A EG) is a radial function and F{\,x) 
satisfies to 1),2),3),4) and 5) then there exist T e S'^NA)"^ with suppTc. 
Ba{z) such that lPxT{x) = F{\,x) for all {\,x) EG x NA) 

Proof. The proof of the conditions 1)- 4) is the same as the proof of those 
of theorem 6.2. 

Now, showing the fifth condition of theorem, recall that for all (p e C°°{NA)*, 
we have for all A G U(NA) (see [1]) with, 

{Af{x)=J2^j{x)£jfo{p{x))) and for every g e V{NA) and x E NA we 
define the function TxQ on NA by the rule :Txg{y) = g{x~^y), \fy E NA. 
Since ^x{x~^) = ^x{x), \/x E NA and suppr^;/ C xsuppf, we obtain 

\FxT{x)\ = |^|c(A)|-2r*$,(a;)| 

Cm,k I / A \ I —2 1 



smce 



< ^\c{\)n<TxT,^x>i 



< r,$ > I < C sup \D''^y)\, 

ydsuppT 



with C is a constant, then 



\lPxT{x)\ < c^|c(A)|-^ sup \^^x{y)\ 

- C'|C(A)|- sup 1-—$; 



- c'|c(A)|- sup I— 



' sup ' 

xy€Ba{z) dp^° 

= c'\c(X)\~^ sup I- $A 

d{xy,z)<a dp^^ 

= c'|c(A)r^ sup I- $A 
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with c' is an absolute constante. 

since {y G NA/d{y,x~'^z) < a} G {y e NA/\p{y) - d{x,z)\ < a}, 
we have 

\F,T{x)\<c'\CWr sup \—^^x{y)\. 

p{y)<a+d{x,z) dp^° 

Then by Koornwinder lemma (see lemma 3.1), we obtain 

\lPxT{x)\ < 4JC(A)|-'(l + |A|2pel^"^^l(«+'^(=^'^» 
with c^^ is an absolute constante. 

conversely, assume F(A, x) satisfies to (1),(2),(3),(4) of the above theorem, 
where (4) is verified for some A^o- We construct the distribution T by the 
rule 

<T,^>= / (/ F{\x)'<^{x)dx)d\ 
Jm Jna 

for any test function ^. This is not an absoltely convergent integral, but we 
can show that /j^^ F(A, x)'^{x) dx G L^{lRx). 

This does not follow directly from the condition (4) of theorem, but it is 
easy deduced from it if we substitute F{X,x) = (— A^)~'"(£ + p'^)"^F{X,x) 
for all me IN, since (£ + p^)"'F{X,x) = {-X^)"'F{X,x) and F{X,x) verifie 
the condition (2). Putting C + p^ then for all * e V{NA) we have 

/ F(A, x)^{x) dx = (-A^)-"^ / {Co^FiX, x)^{x) dx, 
Jna Jna 

an integrating by part means to: 

/ F{X,x)^{x)dx={-X^)-"' f F{X,x){jCor''^{x)dx 
Jna Jna 

By the fourth condition of theorem, we have the estimate 

\[ F{X,x)^{x)dx\ < CAro(l + |A|^)-'"|iP2.,2KA)|(l + |A|2)^°e«l^"^^l X 
Jna 



X 



e\i"'^\'ii^'^)\(Cor-q,(x)\dx 

supp^ 
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Using the Holder inequality , the above estimate becomes 

1/ F{X,x)^{x)dx\ < CL,i{l + \X\Y°^''°~""e''\'"'^\{[ e'l^"^^!'^^^'") dx) ^ 

JnA ' ' Jsupp^ 

x{j \{ur^{x)\'dxf^. 

JNA 

where C^^^ r « a constant which depend of iVo, r and I. 
Consequently 

< 00. 

Since m is an arbitrary integer, then 

/ F(X,x)^(x)dx e L\Rx)- 

JNA 

Next we apply a regularization argument, we choose a function 0^{X) (where 
9e{x) is the regularised function (see [1]), and 9e{X) is the spherical Fourier 
transform. Prom [17] theorem 3.5, we have 

|6',(A)| < C,(l + |A|)-"°el^™^l^ 

The function 6^{X)F{X,x) vcrific the conditions of theorem 3.1 in [1]. Then, 
there exists a function F^ G V^NA)"^ such that: suppF^ C Ba+eiz) and 
rxF, = ee{X)F{X,x) and /jr ^e(A)F(A, a;)*(a;) dX = F,{x) as ^ 1 as e ^ 
(see [1]), we have then 

/ FJx)-^ix)dx^ [ ([ eJX)F(X,x)'^(x))dxdX, 

JNA JNA JR 

when e ^ the above equality becomes 

limy^ F^{x)-^{x)dx ^ J {J F{X,x)'^{x) dx) dX 

= < T, * > . 

Whence , when e ^ 0, we have also 

< F„ ^ >^< T, ^ > e V{NA). 

As suppF^ C Ba+c{z) and iPA-^e = ^e(A)-F(A, x), we obtain 

IP\T{x) — F{X,x) and suppT C Ba{z), and this completes the proof. □ 
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Remark 3.2 1): If T — S'"°, with the derivation of the Dirac measure 
Se, the spectral projection operator ofT — S"'° becomes 

According to the Koornwinder lemma (see lemma 3.1), the above equality 
becomes 

we find then the result of [1]. 

2): For x — z — e and T a radial compactly supported distribution in {e}, 
the spectral projection becomes also (when dimNA is odd) (see [1]) 

PxAx) = ^|c(A)|-2f(A) 

< c„Jc(A)|-2(l + |A|r. 

Conjecture 2. do we have a generalisation of theorem 3.2 for the distribu- 
tions which is not necessary radials? 



4 Characterization of the range of S^{NA)^ 
by spectral projection operator 

Let Q be a left invariant differential operator on NA of order I, defined as 
follows 

d^ 

nf{x) = J2^ij{x)—fo{p{x))) V/ e C^{NA). 
i=i 

where fj,j (j=l,2,..,l) the C°° functions on NA. From lemma 2.3 in [17] p. 28, 
there exists a constant c depending only on fl such that 

sup < c. 

pix)>Q 
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For < p < 2 denote by, (see [17]), Sp{NA)* the space of radial and C°° 
functions / on NA such that 

(24) v,{f,n,h) = sup ef^(^)(l + p(x))'^|Q/(x)| 

xeNA 

< oo 

for all positive integers h and all left invariant differential operators fl on 
NA. 

We can define the space Sp{NA)* in a different way (see [3]) instead of (4.1) 
we use the condition 

supef''(-)(l + p(x))'^|-^/o(p)| <oo V/eC°° 
p>o dp'- 

For e > define = {s e(U : \Res\ < e^}. Denote also by Hi^l^) the space 
of C°° function on fl^ such that 0(s) = 4>{—s) for all sG fl^ and such that 

V,(0,Z,/i) = sup (l + |s|)'^|j^(/,(s,x)| 

|Res|<e§ 

< OO 

for all positive integers h and 1. consider on 7i{fle) the topology defined by 
the semi-normes Ve{(l),l,h) (see [17] p. 34). 

Lemma 4.1 (see [17], p. 34) Let < p < 2 and e = ^ - 1. Then the 
spherical transform f f is a topological isomorphims from Sp{NA)^ onto 

^(a) 

Proposition 4.1 The function f is radial if and only if lP\f is radial 

Proof. If / is radial, from the inversion formula of the spherical transform 
the spectral projection is 

(25) iP,/(x) = ^|c(A)|-V~(A)$,(x), 

as $A is radial we have then that ]P\f is radial, and the reverse follow from 
the rule 

/ + 00 
IPxf{x) dX. 
-oo 
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□ 

It follows that from (4.2) that 

One may characterize the S^{NA)*- range via the spectral projection IPf{x) 
for any x E NA and A G fi^. Let now define 7i(f2e x NA) the space of C°° 
function F on x NA such that F(-A, x) = F{\, x) and F(A, x"^) = F(A, x) 
for all \ e He and a; G iVA and CrF{\, .) = -(^ + \^)F{X, .), and for any 
left invariant differential operator D on NA of order /, such that 

P(e,N,D){F) = sup (l + |A|)^e-l^-^l'^(-'^)|L'F(A,x)| 

< oo 

for all positive integers N . 

Theorem 4.1 Let < p < 2 and e — | — 1- Then the spectral projection 
transform f — > IPf is a topological isomorphims from S^lNA)"^ onto Ti{He x 
NA) 

The theorem 4.1 deduce from the following Theorem after having using the 
closed graph theorem. 

Theorem 4.2 Let < p < 2 and e = ^ - 1. There exists f G Sp{NA)* 
such that IPxf{x) = lF{X,x) if and only if 

1) a) For each x G NA we have F{—X,x) = F{\,x) for all X & (V 

b) For each fixed X, we have F{X, x) — F{X, x~^) for all x G NA 

c) (A, a;) — >• F(A, x) is radial and C°° function on Vt^ x NA 

2) for each X, we have CrF{X,x) = -(A^ + ^)F{X,x) 

3) for each Nand each left differential operator D of order I on NA, there 
exists cn,d such that 

\DF{X,x)\ < Ce,N,D\c{X)\-\l + lAD-^+'el^"^^!''^^'^) tf \ReX\ < e|. 
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Proof. Assume that / e Sp{NA)* (0 < p < 2), since / is radial, the 
spectral projection becomes 

(26) lP,f{x) = '^\c{\)rf{X)<^,{x). 

From the above lemma, we have that /(A) is C°° on fl^ and since ^x{x) is 
function on x NA, then 1) and 2) of the theorem follows immediatly. Now 
showing the third condition. From the lemma 4.1, there exists a constant C 
such that 

(27) l^/(A)|<C(l+|A|)-^ zf \ReX\<e^ 

for all positive integers N and k, where C depend of N,e,k but not of A. 
According to the Koornwinder lemma, there exists a constant C such that 

(28) l|:;^*A(r)| < C"(l + |A|)"e^l^™^'(l + r)e-^^, 

we have (1 + r)e^'^^^''^ — > as r — > oo. Then the inequality 4.5 becomes 

(29) ||:;^^A(r)|<C"(l + |A|)"e'-|^-^l, 

with C" is an other constant. Using the formulas 4.5 and 4.6 to obtain that 



\^s^xm\ = iE/^.(^)xj^a/(p)i 

3=1 



- ^|c(A)|-^lE/.,(x)^$,(a;)||/(A)|. 
Then from the formulas (4.4) and (4.6), there exists a constant c'^ j^ such that 

\niPxf{x)\ = \niPxf{p)\ 

< </-^\c{Xr\l + |A|)-^+'el^-^l'' zf\ReX\ < e^. 
for all positive integers N, with I is the order of Q. 

Conversely, assume that there exists a radial function iF(A, x) that satisfies 
to 1), 2) and 3) of the theorem, putting 

(30) *(A) = i^:^|c(A)|-, 
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since 

'^lF{\ey ~ V(A,e)' 
iF(A,e) 

and iF(A, a;) is radial, we have 

(31) lF{X,x) = lF{X,e)Mx). 

Prom the fourth condition of theorem, we have for aR N E ]N 

\lF{X,x)\ < c;^(l + |A|)-^el^"^^l'^(^'^), 

according to the formula (4.7), the above formula becomes 

\c{\)\'\M^mW\ < cU(l + |A|)-^+'el^"^^l'^(^'^). 

omce supp>Q $a(p) < c'e"!^™^! (see formula (4.6)) and that there exists a 
constant Ci and a constant b (see formula 7.4 in [6], p. 25 and [17] p. 37) 
such that 

|c(A)r' <Ci(l + |A|)'' |i?eA|<e^ 
we obtain then , for any N, that 

l*(A)|<c;;^(l + lA|)-^+'+^ 

Where C"j^ is constant which depend only of N, fl and e. Since N is an 
arbitrary positive integer and according to the lemma 4.1, there exists a 
function / e Sp{NA)* with < p < 2 such that /(A) = *(A), then 

47r iF(A,a;),^,^,,_2 



consequentely. 



/(A) = f-Y|c(A)|-^ 

Cm,k <PX[X) 



iF(A,x) = ^|c(A)r^0,(x)/(A), 



47r 

which is equal to IP\f{x) since IF is radial. □ 
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5 L^-Estimation for spectral projection oper- 
ator 

The aim of this section is to do the L^-estimation for spectral projection. 
Recall that the Plancherel's formula (see [17]) for Fourier spherical transform 
of / e L\NA)* is 

(32) = l/(A)nc(A)r^dA. 



Theorem 5.1 For x e NA and f e LF'{NA), the following inequality holds 

(33) /f |iPA/(x)r|c(A)rdA< 

Proof. Let / G L'^{NA) and fx{y) = M{Tx-if){y) the averaging function 
of the translated function r^-if (see [24]), we remark that if / G L'^{NA) 
then fx e L'^{NA)* for any x E NA (since NA is endowed with a left Haar 
measure and ||M/||2 < ||/]|2 (see [14])). Prom this, the formula 5.1 becomes 

(34) = K(A)r|c(A)|-^dA, 



and since 



jpxm = ^ic(A)|-2(/*$,)(x) 



c(A)|-V.(A). 



An 

Using the above equality in the formula (5.3) to obtain that, for every x e NA 

mil = \\M{Tx-.f)\\i 

Stt 



/ \rj{x)\'\c{>^)\'dx. 



From the Proposition 1.3 in [14], the following properties hold for every 
,/ e LP{NA), with l<p<oo 

\\Mf\\,< 
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Then, we will have the following formula for any x E NA 

(35) r\FJ{x)\M>^)\'dX < I^IIWII 

Jo OTT 

(36) = ^ll/ll^, 



Stt 

□ 



Theorem 5.2 Let K be a compact set of NA and x an element of a compact 
K, we assume that f e L'^{NA), then we have the following estimate 



|2 

hi 



with c(K)a constant which depend only of K. 

Proof. Let / be an element of LF'^NA) and x an element of a compact K 
in NA, if we use the spectral projector as (see formula (1.6)) 

(37) iP,/(x) = ^|c(A)|-2 / P_,(x,n)/(A,n) dn. 

47r JN 

we will have the same result as the proposition 5.1. 

Using the Holder inequality in the formula (5.5) to obtain that 

\JPxf{x)? = {^)M><)\-\I V-,ix,n)f{X,n)dnr 

< C-^r\c{>^r\JjV.,ix,n)\'dn)x 
(/ \f{Kn)\'dn) 

JN 

< C-^mr [ \P-x{x,n)\'dn)x 

47r JN 

(^/^|/(A,n)nc(A)|-dn) 

then 

(38) \c(X)\'\PJ(x)f < (^/ \V.x(x,n)\'dn)x 

4:71 JN 



An JN 



/ |/(A,n)nc(A)|-2dn). 

JN 
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According to the Planchcrel formula for Fourier-Helgason transform (see [7]) 
and since V-x{x, n) G L?'{N) (sec [24], p. 44), we obtain that, for aU compact 
K of NA, there exists a constant c{K) such that 

\V-x{x,n)\ < c(X)e^(*°'^)" 

the formula (5.6) becomes 

r |c(A)niP,/(a:)rdA<^c(i^)||/|b(/ e2''(*-)"(in), 

since e2''(*°'^)" dn = 2-^\S"'+^-^\ = 2-^ ^'|:^'j^^ (with n = m + /c + l)(see 
[24], p. 44), then 

_^ |c(A)|1iP,/(a;)|^dA < 2-^^;^^c(ir) | [/[ |^.(^^). 

□ 

6 Description of the eigenspace of the invari- 
ant Laplacian A on D 

For every complex number A gC, let E\{D) be the space of all eigenfunctions 
of Ai:) in D with eigenvalue — (A^ + 1). since the operator is elliptic in 
D, the elements of Ex{D) are C°°-functions on D i,e., 

(39) Ex{D) = {Fe C°^{D)- AdF = -(A" + 1)F}. 

Now, let Tik denotes the space of restrictions to = dD of harmonic poly- 
nomials and "z^ which are homogeneous of degree k in z. Then, it is well 
known that Tik is S'0(2)-irreductible and we have L^(S'^) = ©fceK^fc- 

Proposition 6.1 (see [9]) A function F is in the eigenspace Ex{D), if and 
only if F can he expanded in C°°{D) as 

(40) 

F{z) = ^e^'=V(A)(tanhr)l'=l2Fi(i±^,i^;l + |A;[;-sinh^(r)), 
where afe(A) is a constant which depend only of k and A. 
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Proof. See [9] for the proof of this proposition. 

The generahzed spherical function is given by 
(41) 

$A,fc(tanhr) = / Vx{z,e'')e"'' da{9) 
J s 



= (1 - (tanh r)^) ^ I tanh r| l^' ^' ^ , , ^ ^ 2^1 (^^, |^| 

+l±^;l + |^|;(tanh(r))2) 
= I ta^hr|l^l 1 + - sinh2(r)). 

Now, let Xk^x denote the one-dimensional space spanned by the function 

(42) $A,fc(tanhr)e^*^^ 
We note that 

(43) Ex = (Bk&Xk. 
Let n be choosen fixed in^ so that we have 

(44) Ex = ©fc>|n|-^fc © ©fc<|n|-^fe, 

Let 

(45) E'^^®k>\n\Xk and E'^ ^ ®k<\n\Xk, 
We denote by 

(46) Ex{D) = {F e C°°(L>); (A^ + A" + ifF = 0}. 

It is easy to see that Ex{D) C Ex{D). 



We need to describe the functions in Ex{D) that arc not in Ex{D). We 



observe that: If gx G Ex{D) then -^gx G Ex{D). In fact, it follows from 



(47) = ^ ( Az. + + 1)^, = (A,, + A^ + 1) j^gx + 2A^, 
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We say that / is 5'0(2)-finite if /(tanhre*^) can be expanded into a finite 
spherical series expansion with respect to e'^ to get 

/(tanhre^^)= ^ /;,,fe(tanhr)e^'=^ 

\k\<mo 

is C°°(-K+ X 5^), for ceratain uiq e 

Lemma 6.1 The following assertion is equivalent 

i) ^ f{z) IS S0{2)-fimte 

ii) f{X,w) is S0{2)-finite 

iii) Pxf{z) is SO {2) -finite . 

Proof. Let f{z) be 5C>(2)-finite, then 

f{\w) = I V-x{z,w)f{z)dii{z) 

JD 

= ^ J V-x{z,w)fx,k{t8inhr)e'''^ dijL{z) with z ^ t&nhre'^ 

= E / (^^)'^/A,.(tanhr)e^^^d/.(^) 

, o< T „ , /■ , 1 — 



= E (/ (l-0'^-V/,,,(tanhr)rfr)(/ (-— -^)^e^'=^da(^)) 

|fc|<mo ° ^ I '""^1 

= E (^\kw'' 
\k\<mo 

where = e''^^ and a,,^ = ^^!^||r /o (l-r')'^"VA,fe(tanhr) 2Fi(^, |^| + 

^^t^; 1 + (tanh(r))^) dr, then the assertion i) imphque ii). 

The assertion ii) — > iii) is obtained from the formula of lP\f{z) and the same 
proof as the above. The assertion iii)^ i) is deduced from the inversion for- 
mula in the formula IP\f{z). 

Let Bji{zo) design the ball of radius R and center zq. 



7 Spectral projection operator on C^{D) as- 
sociated to the Laplacian A 

In this section, wc define the spectral projection oprator IP\f{z) on C^^{D) 
associated to the Laplacian A^j, we give an expression exhibits IP\f{z) as a 
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mcromorphic function of A, making appear the poles and zeros of IPxf{z). 
We begin by givining the necessary condition. 



Theorem 7.1 Suppose f is C°° with support in Br{zo), f is SO{2)-finite 
then 

1) lPxf{z) is function on {€ - iZ) x D 

2) for each fixed XedJ -iZ, we have AnlPxfiz) = -(A^ + l)lPxf{z) 

3) for each fixed z, IPxf{z) is an even function meromorphic function of X 
with at worst simple poles at Xk = —i{2k + 1) for k > \n\ where n is choosed 
fixed inZ), and 

(48) ^i?esA=A,iPA/(^) = 

4) for every N there exists cn such that 

(49) \lPxfiz)\ < CNil + \X\)-Ne^R+di^'-oWmX\ 

5) ]Pxf{z) has a simple zeros at points A; = —i2l (I e E*) and a double 
zero at X — and satisfies 

. z ^ Resx=x,lPxf{z) e K 

. (IPxfiz) - (A - Xk)-'Resx=x,)\x=x, e E^n 

• lPxf{z)\x=o = and r(|f„.| , ^+^^)r{\h\ i i-'-^) ^'"^'^ entire expansion. 

In order to do the proof of this theorem, we need some preparatory results 

Proposition 7.1 Let f he an element ofC^^{D), then 

(50) IPxfiz) = (/ * ipx)iz) = / ipxidiz, z'))f{z') dz', 

Jd 

where 



(51) (^.(tanhr) = M^^A tanh(^)$r)(^) 

47r 2 

(27rVi) ttA 
= ^l^^t^nh(— )P_i(i+,,)(cosh(2r)), 

and Pi, denote the Legendre function of the first kind with parameter u. 
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Proof. Let / be an element of C^^{D), the equality (1.8)' in combination 
with (1.8)" gives 

(52) 

iPxfiz) = -LAtanh(^) / Vx{z,w)[f f{z')P.x{z',w)dz']da{w). 
47r / J51 Jd 

According to the Fubini theorem, the above equality becomes 
(53) 

rj{z) = J-AtanM^)/ /(/)[/ Vx{z,w)V.x{z',w)dz']da{w)]dz' 
47r 2 JD Js^ 



= / ^x{d{z,z'))f{z')dz', 
Jd 



where d{z, z') denotes the distance from z to z', and (fx is a multiple of the 
usual spherical function, because (px{0) — |Atanh(^). The basic formula 
for (fix is 

(54) <^^(ci(;2;,;2;')) = J-Atanh(^) / Vx{z,w)V_x{z',w)da{w), 

4:71 Z JSl 

by taking z' — (0, 0) and z — tanh re'^ to get 

(55) ipx{tanh{r)) = -^\tanh{^) j^^Vxitanhre''^ ,w) da{w), 

if we substtitute w — e^^ , we obtain ( cf. [20] p: 38) 
(56) 

99A(tanh(r)) = ^Atanh(^) jJ^^(cosh(2r) - sinh(2r) cos^)-5(*^+^) d^. 

In his article ( cf. [26] p: 80 formula 4.5) R. Strichartz shows that 
(57) ^ 

r(cosh(2r) -sinh(2r)cos^)-^+5^^(^^ ^ (2^)^P_i + ii;^(cosh 2r) 
Jo 22 

= (27r)ipO,(^,^,)(2coshr) 

where denotes the Legendre functions. 
(58) 

2" _ 1 

P^(coshr) = -^(sinhr) 2-f'i(l - + A*, -'^ - A*; 1 - i^; 2(1 ~ cosh(2r))). 
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Whence 



„ , 1 + iA 1 — iA , .,9s 



, 1 + iA 1 — iX tanh^ r . 
= 2Fi(^-,^-;l;^-^) 

= (l-tanhV)^,F,(l±^,l^;l;tanhV), 



since 2-^1(0, b; c; 2;) = (1 - 2;) " 2-^1(0, c - 6; c; 

(a,fe) 

(59) 



and 0\ ' denote the Jacobi function 



0?'^^ = F(^±A±l±^,^±A±l^;«+l;_Sinh^(,)). 

Now wc give an expression exhibits IP\f{z) as a meromorphic function of A, 
making appear zeros and poles. 



Proposition 7.2 // / is an element of C^^{BR{zo)),(f be assumed of the 
form /„(tanh(r))e*"^, (n E E)) then 

(60) 

P^f{z) = 7(A,n)(tanhr)l'^l(/.f l'-l"l)(r)e'"^ T /„(tanhs)(/)f ''"'"'^(s) 

t/ 

x(tanhs)l''lsinh(2s) ds 

with 

= (j;^i^^«-i'(Y)r(l»| + — )r(|»| + — ), 

and /„(tanhr) design the Fourier's coefficient in the the finite series of 
Fourier of f 

Proof of proposition 7.2 Without loss of generality we can assume that 
zo — e = (0, 0). Let / be an element of C^{D) with supp/ in {Bji{e)). 
By combining the formulas of IPxf (see Remark), we see that 

(61) rxf{z)= [ Vx{z,w)-^x{w)da{w), 
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where 

(62) = J-Atanh(^) / f{z')r.x{z',w)dz'. 

47r z Jd 

Recall that the hyperbolic area measure on D in geodesic polar coordinate 
is given by 

^sinh(2r)drd(7(^) = ^ sinh(2r)dr d^. 
In such coordinates, the formula (7.15) becomes 

■^x(e'^) = -^XtunhA r [ /„(tanhr')7^-A(tanhrV^e*^) 
Att 2 Jo Js^ 

xe^"^'^sinh(2r')dr' da{e') 



^ ^^(tanhrOl/ P_a (tanh r V^ e , 
xe'"^' rfa(^')] smh(2r')rfr' 
^ /„(tanh r')(/.-A,n(r')e'"^ sinh(2r')dr' 

OTT Jo 
1 /■« 



= / /n(tanhr')</)-A,n(r')sinh(2r')cir') 

OTT Jo 
= XA,n(it:)e^"^. 

because / is of the form /„(tanh(r))e*"^, [n G E)^ with /„(tanh(r)) a 
function of support in [— i?, B\. If we substitute the above formula in formula 
(7.14) we obtain 

PxJ{z) = Kx,n{R) [ Vx{tB,nhre'',e"^)e'^'^da{ip) 

J s 

= XA,n(i?)0A,n(r)e-^ 

According to the previous proposition, we deduce easily 
(63) 

PJ{z) = 7(A,n)(tanhr)l"l0f l'-l'^l)(r)e^"''. T tanh(5)0S"l'-l"l)(5) 

Jo 

X (tanh s)l"-l sinh(2s) ds 
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with 
(64) 



7(A,n) = — Atanh( 



1 , ,_^,7rA, r(|n| + ^) r(|n| + ^] 



(|n|!)2 87r '2^ r(i±^) r(if^) 



It is clear that the expressions (7.17) and (7.18) exhibits IP\f{z) as a mero- 
morphic function of A, with poles and zeros at exactly the points where 
7(A, n) has poles and zeros, since 0^"'' '"'^ is an entire function of A. Recall 
that sin(7r2;) = y{z)t{i-z) ' ^^^^ 

u/ -I 1 + 

cosh(7r— ) = sin(7r — - — ) 

TT 



r(i±^)r(i^) 

From this, the formula (7.18) becomes 
(65) 

N 11,-, /7i"A,^,, , 1 + iA,^,, , 1 — iA, 

Remark. We note that IPxf{z) has a simple poles at A; = —i{2k + 1) for 
> |n|, and a simple zero at a points \h = —i2h for h & E* and a double 
zero at A = 0. Prom the formula (7.19), we deduce that w>^{rn i-'^ 

has an even entire expansion, since the collection of function {(p^^ j-^g^g 
no zeros and no poles. 



Proposition 7.3 Let f be an element of C^^^Br^zq)), then there exist an 
invariant subspace E'^ of Ex in which we give the condition k > \n\, such 
that 

(66) z ^ Resx=x,lPxf{z) e ®k>\n\Xk = K 



Proof. For any function / G C^j^{Bji(zo)), the "spectral projection" func- 
tion IPxf{z) has the property that 

(A + A2 + l)iP,/(^) = for AT^Afe, 
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then 

AResx=x,lPxf{z) 

= lim{\-\k)A]Pxf{z) 

= -]im{X-Xk){X' + l)lPxf{z) 

A— >Afc 

= -(Xl + l)Resx=x,lPxm. 
Then, from the above remark, we must have 
(67) Resx=x,lPxf{z)eE'^ for k > \n\ 



Proposition 7.4 Let f be of C'^^{Br{zq)), then the regular part of lPxf{z) 
at Xk satisfy 

(68) (IPJiz) - (A - Xkr'Resx=x,lPxf{z))\x=x, e ^a- 

Proof. According to the Proposition (3.3), we deduce 
(69) 

(A + + l){rxf{z) - (A - Xk)-'Resx=x,lPxf{z)) 

= {Xl-X')PJ{z) for Xj^Xk, 

and since 

hin (A^, - X'Wiz) = -2XkResx=x,lPxf{z) G 

A— >Afc 

Then 

(A + A^ + l){rxf{z) - (A - X,)-'Resx=x,lPxf{z))\x=x, e 

but 

{FJ{z) - (A - Afe)-ii?esA=A,iPA/(^))| ^Ex,. 

Whence 

(A + A^ + l)^(iPA/(^) - (A - Xk)-'Resx=x,lPxf(z))\^=x, = 0, 
More precisely 

{]Pxf{z) - (A - A,)-ii?e5A=A,iPA/(^))| 
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Proof of the theorem 7.1 



Let / be an element oi C^j^{Br(zo)), assumed S0{2)- finite, then / is writ- 
ten as a finite sum of the form /^(tanh(r)e'"^^ (with m E E). It suffices 
to verify the conditions 1),...,5) of theorem, for a functions of the form 

/„(tanh(r)e*'"^ 

The condition 1) and 2) are easy, while 3) and 5) has been already established 

( see propositions 7.3 and 7.4 and formula (7.18)). 

Now showing the estimate in 4). Prom the proposition 7.1, we have 

(70) IPxfiz)^ I ^Mz,z'))f{z')dz\ 

JD 

where 

(71) 9',(tanhr) = Ml^A tanh(^)P_i(i^,,)(cosh(2r)), 
For simplicity of notation we take z — e — (0, 0), and write 

(72) Fir) = / fitanhre'^) d9. 

Jo 

Note that F G CZn{[-R ~ d{z, Zo),R + d{z, Zo)]). 
The formula (7.23) becomes 

(73) 

X l'R+d{z,zo) 

]P\f{z) — — I (/^^(tanh r)F(r) sinh(2r) (ir 

47r JO 

f27rV5) ttA fR+d{z,zo) 

= ^^Atanh(— )y^ P_i(i^,,)(cosh(2r))F(r)sinh(2r)dr. 

Now, we use the well-known identity (cf. [26] p: 87) for Legendre function 

/ , / XX \/2 r cos(At) 

P In ,.xx(cosh r ) = — / rdt. 

^ " IT Jo (coshr-cosht)^ 

We interchange the order of integration in the formula (7. 26) to obtain that 

rR+d{z,zo) J2 r 

/ P_i(i+i;,)(cosh(2r))F(r)sinh(2r)(ir = — / cos{Xt)G{t) dt, 

J J 
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where 



rR+d{z,zo) F(r)sinh(2r) 

G[t) — / — — - — jdr. 

Jt fcosh 2r — cosh 2£\ 2 



(cosh 2r — cosh 2t) 2 

' 1 a ^ 

^ sinh r 9r ' 



To see that G is C°°, we note that {-^\-^ fF{r) is C°° for any /c, so an 



integration by parts yields 

( — \\^ rR+d(z,zo) , (j 

G(t) = ^-y-^ / (cosh(2r)-sinh(2r))'=-5 sinh(2r)(- r77rT)''F{r) dr, 

is C*^"^ by inspection. 
It remains to verify that 

^ Resx=x,IPxf = 0. 
keiz 

from the inversion formula, we have (see the above proposition ) 

f(z) = / IPxf(z), 
Jm 

with 

IPxfiz) = 7(A,n)(tanhr)l"l0f l'-l"l)(r)e-^ /''/„(tanhs)0f ''-'"'^(s) 
X (tanh s)!"*! sinh(2s) (is 

with 

As ]P\f{z) is a mcromorphic function, with poles at A^ = —i{2k + 1), thus, 
we can use the residue theorem to change the path of integration to obtain 

f{z) = j Pxfiz) dX + 2in Resx=x^Pxf{z), 

where ak — i{2k + 1 + |), for any integer k. Since f{z) — ior z ^ Bji{zo), 
so r > R, then, it follows from the estimate in 4) that 



lim / rxf(z)dX = 0. 
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Whence 

Y,Resx=x,lPxf{z) = for Br{zo) 

since the above equahty is a finite sum of an fonction propre de A, then it is 
a real-analytic function, so it vanishes for all z & (U. 

Theorem 7.2 Let F{X, z) a function given satisfying the following asser- 
tions 

1 ) F{X, z) is C°° function on {€ - iZ) x D 

2) for each fixed Xe(U -iZ, we have AdF{X, z) = -(A^ + 1)F(A, z) 

3) for each fixed z, F{X, z) is an even function meromorphic function of X 
with at worst simple poles at Xk — —i{2k + 1), and 

(74) ^i?es,=,,F(A,^)=0 

k€Z 

4) for every N there exists cn such that 

(75) |F(A, z)\ < cn{1 + |A|)-^e(^+'^(^'^°))l^"^^l 

5) F{X,z) has a simple zeros at points A; = —i2l (I G E*) and a double 
zero at X — and satisfies 

• z ^ Resx=x,F{X, z) e E'^ 

• {F{X,z)-{X-Xk)-'Resx=x,)\x=x,eE^ 

• F(X,z)\x=o — and -—— — i+fx!'fl\ has even entire expansion, then 

there exists f , C°° with support in Br{zq) given by f{z) — J][^F{X, z) dX such 
that F{X, z) = IPxfiz) 

Proof of theorem 7.2. 

Let F(A, z) given satisfying 1), 5), and define 

(76) f{z)= I F{X,z)dX, 
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there is no difficulty witfi convergence in view of tfie following inequality 

/ F(X,z)dX<CN I (l + \X\)-^dX<oo. 

Firt, we want to show that / vanishes outside Bji{zo) and / is C°°. 

For this, we assume all the functions are of the form /„(tanhr)e'"^ (since the 

condition 1), 5) are preserved), then, we can assume 

(77) F(A,tanh(r)e*'') = ^(A)e"'^(tanhr)l"l0f ''"'"'^(r), 

for some meromorphic function, from the estimate in 4) we have 

^(A)e*"^(tanhr)'"l0S"''-l"l)(r) < Civ(l + |A|)-^e(^+'-)l^"^^l. 
Using the koornwinder lemma to obtain 

(78) *(A) <cjv(l + |A|)-VI^"^^l. 
Wc note that ^ is given by the condition 5). 

According to the condition 3), we use the residue theorem in the formula 
(7.26) to obtain 

f{z) - / F{X,z)dX 
Jm 

= / F(A,^)dA + 2z7r^i?esA=A,F(A,;2) 
= / F(A, z) dX 

J R+iak 

where — i{2k + 1 + |), for any integer k. From the formula (7.28), we 
conclude that 

(79) 

/ F{X,z)dX = e*'^^(tanhr)'"l / *(A)0f ''"'"'^(r). 

Since ^E'(A) satisfy the inequality (42), then, we let k — > oo, we obtain zero 
in the limit in the formula (43) if r > R. Then /(tanhre^^) = if r > i?. 

Show now that / is C°°. 
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Since 

A^F{X,z) = {-lf{l + X'^fF{X,z) for any integer N. 

Then 

A^'fiz) = {-If / (1 + XYF{X, z) dX. 

JR 

From the estimate in 4) it follows that A^/ is {D , dm{z)) , the usual 
Sobolev inequahty imply that f is C°° on D. 

To understand the behavior of F{X,z) as A ^ i{2l) {I e E), we note that 
9z{X) = 1 1 1 1 i-»A - T has an even entire expansion, satisfying the esti- 

mate in 4), then there is a constant c'^ such that 

9z{X) < 4(1 + |A|)-^e(^+'^(^°'^))l^'"^L 

From the above results the function A T{\n\ + ^-^)T{\n\ + ^-^)fx^n{tanhr) 
is entire and satisfying the estimate in 4). Using 

/A,„(tanhr) = 4,„^tanh.(A)r(|n| + ^^)r(|n|+^^)|tanhr|H0H'-W(r), 

which show that 5'tanhr('^) is an even and entire function since the collection 
of function has no zeros and no poles. 

To complete the proof we need to show that F(A, z) — IP\f{z) which is 
equivalent to showing that Jj[iF{X,z) = imply F{X,z) — 0, and it suffices 
to show that /jj /a,„ — imply = 0. From the formula (7.27) we have 

0= / /;,„(^)(iA= Itanhrl'"! / *(A)#''"'"'Vr) dA. 

Since ^^(A) has compact support, by the uniqueness of the jacobi transform 
(cf. [22]), we deduce that ^(A) = for A M{2k + 1). Then F{X,z) = 
for A^ ±i(2A; + l). 
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